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RELATIONS BETWEEN DERIVED HOCHSCHILD FUNCTORS VIA
TWISTING
LIRAN SHAUL
ABSTRACT. Let k be a regular ring, and let A,B be essentially finite type k-algebras. For
any functor F : D(ModA) × · · · × D(ModA) → D(ModB) between their derived
categories, we define its twist F ! : D(ModA) × · · · × D(ModA) → D(ModB)
with respect to dualizing complexes, generalizing Grothendieck’s construction of f !. We
show that relations between functors are preserved between their twists, and deduce that
various relations hold between derived Hochschild (co)-homology and the f ! functor. We
also deduce that the set of isomorphism classes of dualizing complexes over a ring (or a
scheme) form a group with respect to derived Hochschild cohomology, and that the twisted
inverse image functor is a group homomorphism.
1. INTRODUCTION
All rings in this note are commutative. Let k be a regular noetherian ring of finite
Krull dimension. Let f : A → B be a map between two essentially finite type k-
algebras. Grothendieck duality theory, whose details first appeared in [RD], centers around
the twisted inverse image functor f ! : D+f (ModA) → D
+
f (ModB) (See [Li] for a
modern account). Under the above assumption on k, this functor may be constructed
as a twist of the inverse image functor Lf∗(−) := B ⊗LA −. The twist is given by
f !(−) := DB(Lf
∗(DA(−))) where for an essentially finite type k-algebra g : k → C,
we have set DC(−) := RHomC(−, RC), where RC = g!(k) is the canonical (or rigid)
dualizing complex over C relative to k. Similarly to this construction, given any func-
tor F from Df(ModA) to Df(ModB), one may construct the twist of F by declaring
F !(−) := DB(F (DA(−)). Under suitable finiteness assumptions, if F,G andH are three
functors of this form, and if F ∼= G ◦ H , then it is easy to see that F ! ∼= G! ◦ H !. This
means that relations between such functors give rise to relations between their twists.
If the ring A is projective over k, then the Hochschild cohomology functor of A over
k is defined by Ext∗A⊗kA(A,−). When dropping the projectivity assumption, an impor-
tant variation of this construction is given by Shukla cohomology, also known as derived
Hochschild cohomology. This functor, recently studied in great detail in [AILN], is defined
by the formula
RHomA⊗L
k
A(A,−)
where the derived tensor productA ⊗L
k
A is taken in the category of DG-algebras. Taking
the coefficients complex to be of the form M ⊗L
k
N where M,N ∈ D(ModA), it was
shown in [AILN, Theorem 4.1], under suitable technical assumptions, that this functor has
a particularly nice reduction formula: There is a bifunctorial isomorphism
(1) RHomA⊗L
k
A(A,M ⊗
L
k
N) ∼= RHomA(RHomA(M,RA), N).
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We will see below that the right hand side of this formula is canonically isomorphic to
the twist of the bifunctor − ⊗LA −. This suggests the notation − ⊗!A − for this functor.
A similar result ([AILN, Theorem 4.6]) was given for derived Hochschild homology, and,
similarly, we interpret this result by showing that it is canonically isomorphic to the twist of
the bifunctor RHomA(−,−), which suggests the notation Hom!A(−,−) for this functor.
Thus, having identified the twists of the inverse image functor, the derived tensor func-
tor and the derived hom functor, we will immediately deduce various relations that hold
between the twisted inverse image, the derived Hochschild homology and the derived
Hochschild cohomology functors.
2. TWISTED FUNCTORS
Setup 2. Throughout this section, k will be a fixed regular noetherian ring of finite Krull
dimension.
Let A be an essentially finite type k-algebra. This means that the structure map k→ A
may be factored as
k →֒ k[x1, . . . , xn] →֒ U
−1
k[x1, . . . , xn]։ A
where U ⊆ k[x1, . . . , xn] is some multiplicatively closed set. In the category of k-
algebras, the canonical dualizing complex of A is given by
RA := RHomU−1k[x1,...,xn](A,Ω
n
U−1k[x1,...,xn]/k
[n]),
where Ωn is the module of Kähler n-differentials. This construction is independent of the
chosen factorization (see for example [AILN, Theorem 1.1]).
An intrinsic characterization of the complex RA is given by the important property of
rigidity: recall that according to [YZ1, Definition 2.1], a pair (R, ρ)whereR ∈ Dbf (ModA),
and
ρ : R→ RHomA⊗L
k
A(A,R⊗
L
k
R)
is an isomorphism, is called a rigid complex overA relative to k. If moreover the complex
R is a dualizing complex then (R, ρ) is called a rigid dualizing complex over A relative
to k. This notion originated in [VdB]. It is shown in [YZ1, Theorem 3.6] that a rigid
dualizing complex exists, and is unique in a strong sense (see also [AIL1, Theorem 8.5.6]
for a stronger existence result). It is given by the complex RA defined above.
In the remaining of this note, for any essentially finite type k-algebraA, we will denote
by RA the canonical (=rigid) dualizing complex of A, and by DA the functor DA(M) :=
RHomA(M,RA). In a somewhat unorthodox manner, we will also set for n > 1,
DA(M1, . . . ,Mn) := (DA(M1), . . . , DA(Mn)).
For a categoryA, we will denote by An the product categoryA× · · · × A
︸ ︷︷ ︸
n
.
Generalizing Grothendieck’s construction of the twisted inverse image functor leads us
to the following definition:
Definition 3. LetA,B be two essentially finite type k-algebras, and letF : D(ModA)n →
D(ModB)m be a functor. The twist of F is the functor
F !(−) := DB ◦ F ◦DA(−) : D(ModA)
n → D(ModB)m.
We now give several examples to demonstrate the usefulness of this definition.
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Example 4. Let A,B be two essentially finite type k-algebras, and let f : A → B be
a k-algebra map. Consider the functor Lf∗ : D+f (ModA) → D
+
f (ModB) given by
Lf∗(−) := − ⊗LA B. Then by [YZ1, Theorem 4.10], for any M ∈ D+f (ModA), there is
an isomorphism of functors
(Lf∗)!(M) ∼= f !(M).
Example 5. Let A be an essentially finite type k-algebra, and let F (M,N) := M ⊗LA N
and G(M,N) := RHomA(M,N). Then by definition
F !(M,N) := RHomA(RHomA(M,RA)⊗
L
A RHomA(N,RA), RA),
and
G!(M,N) := RHomA(RHomA(RHomA(M,RA),RHomA(N,RA)), RA).
We set M ⊗!A N := F !(M,N), and Hom
!
A(M,N) := G
!(M,N). Note that if M,N ∈
D+f (ModA), then M ⊗!A N ∈ D
+
f (ModA). Similarly, if M ∈ D
+
f (ModA) and N ∈
D−f (ModA) then Hom
!
A(M,N) ∈ D
−
f (ModA). In Theorem 7 below, which follows
almost immediately from the results of [AILN], we will identify these two functors.
Example 6. Let A be an essentially finite type k-algebra, and let a ⊆ A be an ideal. The
a-torsion and a-completion functors are defined by Γa(−) := lim−→HomA(A/a
n,−) and
Λa(−) := lim←−
A/an ⊗A − respectively. Their derived functors RΓa and LΛa exist, and
are calculated using K-injective and K-flat resolutions respectively (see [AJL, Section 1]).
It follows from the Greenlees-May duality (specifically, from [AJL, Corollary 5.2.2]) that
for any M ∈ Df(ModA), there is an isomorphism of functors (RΓa)!(M) ∼= LΛa(M),
and for any M ∈ D(ModA) such that RΓa(M) ∈ Df(ModA), there is an isomorphism
of functors (LΛa)!(M) ∼= RΓa(M). Conversely, once one knows that the functors RΓa
and LΛa are twists of each other, the Greenlees-May duality
RHomA(RΓa(M), N) ∼= RHomA(M,LΛa(N))
follows easily, so the language of Definition 3 is suited to describe this fundamental relation
between these functors.
Theorem 7. Let A be an essentially finite type k-algebra.
(1) For any M ∈ Dbf (ModA), and any N ∈ Df(ModA), there is an isomorphism of
functors
M ⊗!A N
∼= RHomA⊗L
k
A(A,M ⊗
L
k
N).
(2) For any M,N ∈ Dbf (ModA), there is an isomorphism of functors
Hom!A(M,N)
∼= A⊗LA⊗L
k
A RHomk(M,N)
Proof. For the first claim, by [AILN, Theorem 4.1], there is an isomorphism of functors
RHomA⊗L
k
A(A,M ⊗
L
k
N) ∼= RHomA(DA(M), N).
Since N ∈ Df(ModA), we have that N ∼= DA(DA(N)). Hence, by the derived hom-
tensor adjunction
RHomA(DA(M), N) ∼= RHomA(DA(M),RHomA(DA(N), RA)) ∼=
RHomA(DA(M)⊗
L
A DA(N), RA),
which proves the result. To show the second claim, by [AILN, Theorem 4.6], there is an
isomorphism of functors
A⊗LA⊗L
k
A RHomk(M,N)
∼= DA(M)⊗
L
A N.
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Since DA(M)⊗LA N ∈ Df(ModA), we have that
DA(M)⊗
L
A N
∼= DA(RHomA(DA(M)⊗
L
A N,RA)).
So by the derived hom-tensor adjunction
DA(RHomA(DA(M)⊗
L
AN,RA))
∼= DA(RHomA(DA(M), DA(N))) = Hom
!
A(M,N).

The main reason we introduced the twisting formalism is that relations between functors
are preserved between their twists:
Proposition 8. LetA,B,C be three essentially finite type k-algebras. LetF : D(ModA)m →
D(ModC)k , G : D(ModB)n → D(ModC)k and H : D(ModA)m → D(ModB)n
be three functors such that there is an isomorphism of functors F ∼= G ◦ H . Then
there is an isomorphism of functors F !(M1, . . . ,Mm) ∼= G! ◦H !(M1, . . . ,Mm) for any
M1, . . . ,Mm ∈ D(ModA) such that H ◦DA(M1, . . . ,Mm) ∈ Df(ModB)n.
Proof. Since F ∼= G ◦H , it follows that F ! ∼= (G ◦ H)! := DC ◦ G ◦H ◦DA. On the
other hand, by definition
G! ◦H ! := DC ◦G ◦DB ◦DB ◦H ◦DA.
By assumption,H ◦DA has finitely generated cohomology. Hence,DB ◦DB ◦H ◦DA ∼=
H ◦DA which proves the result. 
From this proposition, the following relations between twisted functors follow immedi-
ately:
Corollary 9. Let A be an essentially finite type k-algebra. Then the following holds:
(1) Let B be another essentially finite type k-algebra, and let f : A → B be a k-
algebra map. For any M,N ∈ D+f (ModA) there is a bifunctorial isomorphism
f !(M ⊗!A N)
∼= (f !(M))⊗!B (f
!(N)).
in D(ModB).
(2) For any M,N,K ∈ D+f (ModA), there is a trifunctorial isomorphism
M ⊗!A (N ⊗
!
A K)
∼= (M ⊗!A N)⊗
!
A K
in D(ModA).
(3) For any M ∈ D+f (ModA), N ∈ Dbf (ModA) and K ∈ D−f (ModA), there is a
trifunctorial isomorphism
Hom!A(M ⊗
!
A N,K)
∼= Hom!A(M,Hom
!
A(N,K))
in D(ModA).
Proof. Each of these statements follows from applying Proposition 8 to the following
canonical isomorphisms:
(1) (M ⊗LA N)⊗LA B ∼= (M ⊗LA B)⊗LB (N ⊗LA B).
(2) M ⊗LA (N ⊗LA K) ∼= (M ⊗LA N)⊗LA K .
(3) RHomA(M ⊗LA N,K) ∼= RHomA(M,RHomA(N,K)).

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Remark 10. It follows easily from this corollary that the operation − ⊗!A − defines a
symmetric monoidal structure on D+f (ModA) for any essentially finite type k-algebra A.
The canonical dualizing complex RA is a monoidal unit. If B is another essentially finite
type k-algebra, and f : A→ B is a k-algebra map, then the twisted inverse image functor
f ! : D+f (ModA) → D
+
f (ModB) is a monoidal functor. Further, restricting attention
to the subcategory of D+f (ModA) made of complexes with finitely generated cohomology
and of finite injective dimension overA, one obtain a closed symmetric monoidal category,
with the internal hom being Hom!A(−,−).
Remark 11. We first encountered the idea that Hochschild cohomology defines a sym-
metric monoidal structure in [Ga]. There, in [Ga, Corollary 5.6.8], assuming k is a field of
characteristic zero, it was stated without proof that the operation RHomA⊗kA(A,−⊗k−)
defines a symmetric monoidal structure on the category of indcoherent sheaves on SpecA.
Combining Theorem 7 and Corollary 9 we immediately obtain various relations be-
tween the derived Hochschild functors and the twisted inverse image functor.
Corollary 12. Derived Hochschild cohomology commutes with the twisted inverse image
functor: Let k be a regular noetherian ring of finite Krull dimension, and let A,B be two
essentially finite type k-algebras. Let f : A → B be a k-algebra map. Let M,N ∈
Dbf (ModA) and assume that the complexes f !(M), f !(N) have bounded cohomology.
Then there is a bifunctorial isomorphism
f !RHomA⊗L
k
A(A,M ⊗
L
k
N) ∼= RHomB⊗L
k
B(B, f
!(M)⊗L
k
f !(N))
in D(ModB).
Remark 13. If in the above corollary the map f : A→ B has a finite flat dimension, then
by [AIL2, Proposition 2.5.4], assuming that M,N have a bounded cohomology implies
that f !(M), f !(N) have bounded cohomology.
Corollary 14. Adjunction between derived Hochschild homology and derived Hochschild
cohomology: Let k be a regular noetherian ring of finite Krull dimension, and let A be
an essentially finite type k-algebra. Let M,N,K ∈ Dbf (ModA) be three complexes, and
assume that the complexes M ⊗!A N,Hom
!
A(N,K) are also bounded. Then there is a
trifunctorial isomorphism
A⊗LA⊗L
k
A RHomk(RHomA⊗Lk A(A,M ⊗
L
k
N),K) ∼=
A⊗LA⊗L
k
A RHomk(M,A⊗
L
A⊗L
k
A RHomk(N,K)).
in D(ModA).
Corollary 15. Associativity of derived Hochschild cohomology: Let k be a regular noe-
therian ring of finite Krull dimension, and let A be an essentially finite type k-algebra. Let
M,N,K ∈ Dbf (ModA) be three complexes, and assume that the complexesM⊗!AN and
N ⊗!A K are also bounded. Then there are trifunctorial isomorphisms
RHomA⊗L
k
A(A,M ⊗
L
k
RHomA⊗L
k
A(A,N ⊗
L
k
K)) ∼=
RHomA⊗L
k
A(A,RHomA⊗L
k
A(A,M ⊗
L
k
N)⊗L
k
K) ∼=
RHomA(RHomA(M,RA)⊗
L
A RHomA(N,RA)⊗
L
A RHomA(K,RA), RA)
in D(ModA).
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Proof. The first isomorphism follows from Theorem 7 and Corollary 9. To get the second
isomorphism, first replaceRHomA⊗L
k
A(A,RHomA⊗L
k
A(A,M⊗
L
k
N)⊗L
k
K) with (M⊗!A
N)⊗!A K , and now use the derived hom-tensor adjunction. 
The second isomorphism in the above Corollary can be thought of as a reduction for-
mula for derived 3-Hochschild cohomology. One might wonder if this functor is canoni-
cally isomorphic to RHomA⊗L
k
A⊗L
k
A(A,M ⊗
L
k
N ⊗L
k
K). The answer to this is positive,
and in fact, more generally, for every n > 1, there is an isomorphism of functors
RHom
A⊗L
k
A⊗L
k
· · · ⊗L
k
A
︸ ︷︷ ︸
n
(A,M1 ⊗
L
k
M2 ⊗
L
k
· · · ⊗L
k
Mn) ∼=M1 ⊗
!
A · · · ⊗
!
A Mn
For every complexes of A-modules M1, . . .Mn which satisfy suitable finiteness condi-
tions. Proof of this fact will appear elsewhere (the case n = 2 is, as seen above, just a
rephrase of [AILN, Theorem 4.1]). In the special case where n = 4, this follows easily,
using Corollary 12, under an additional flatness hypothesis:
Corollary 16. Let k be a regular noetherian ring of finite Krull dimension, and let A be
a flat essentially of finite type k-algebra. Let M1,M2,M3,M4 ∈ Dbf (ModA) be four
complexes. Assume that M1 ⊗!A M2,M3 ⊗!A M4 are also bounded. Then there is a quad-
functorial isomorphism
RHomA⊗kA⊗kA⊗kA(A,M1 ⊗
L
k
M2 ⊗
L
k
M3 ⊗
L
k
M4) ∼=
RHomA(RHomA(M1, RA)⊗
L
A RHomA(M2, RA)⊗
L
A
RHomA(M3, RA)⊗
L
A RHomA(M4, RA), RA).
Hence, under the above hypothesis, the quad-functorRHomA⊗kA⊗kA⊗kA(A,−⊗Lk −⊗Lk
− ⊗L
k
−) is canonically isomorphic to the twisting of the functor − ⊗LA − ⊗LA − ⊗LA − :
D(ModA)4 → D(ModA).
Proof. Let C = A⊗k A, and let ∆ : C → A be the diagonal map. Then by Corollary 12,
there is a natural isomorphism
∆!((M1 ⊗
L
k
M2)⊗
!
C (M3 ⊗
L
k
M4)) ∼= ∆
!(M1 ⊗
L
k
M2)⊗
!
A ∆
!(M3 ⊗
L
k
M4).
Since ∆ is a finite map, ∆!(−) ∼= RHomC(A,−). By Theorem 7, the left hand side is
canonically isomorphic to
RHomA⊗kA(A,RHomA⊗kA⊗kA⊗kA(A⊗k A, (M1 ⊗
L
k
M2)⊗
L
k
(M3 ⊗
L
k
M4)))
and by the derived hom-tensor adjunction this is canonically isomorphic to
RHomA⊗kA⊗kA⊗kA(A, (M1 ⊗
L
k
M2)⊗
L
k
(M3 ⊗
L
k
M4)).
Applying Theorem 7 to the right hand side, we obtain:
DA(DA(DA(DA(M1)⊗
L
A DA(M2))) ⊗
L
A DA(DA(DA(M3)⊗
L
A DA(M4)))).
The result now follows from the fact that DA ◦DA ∼= 1 on DA(M1)⊗LA DA(M2) and on
DA(M3)⊗
L
A DA(M4). 
In the remaining of this note, we analyze how the above twisting operations act on du-
alizing complexes. It has been known long ago (see [RD, Theorem V.3.1]) that the set of
isomorphism classes of dualizing complexes over a commutative ring (at least if SpecA
is connected) is classified by the Picard group of A and the integers. Moreover, this set
is isomorphic to a set which naturally carries a group structure, namely, the group of iso-
morphism classes of tilting complexes (See [Ye] for details). Let A be a commutative
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noetherian ring. Recall that a complex P ∈ D(ModA) is called a tilting complex if there
exist a complex Q ∈ D(ModA) such that P ⊗LA Q ∼= A. If R1, R2 are two dualizing
complexes over A then P = RHomA(R1, R2) is a tilting complex, and there is an iso-
morphismR2 ∼= R1 ⊗LA P . The set of isomorphism classes of tilting complexes under the
derived tensor product operation form an abelian group, called the derived Picard group
of A and denoted by DPic(A). Given any dualizing complex R, the duality operation
RHomA(−, R) defines a bijection between the set of isomorphism classes of dualizing
complexes and the set of isomorphism classes of tilting complexes.
In the next result, we observe, using the above formalism, that the set of isomorphism
classes of dualizing complexes also carries naturaly a group structure, with the operation
being the functor underlying derived Hochschild cohomology (that is, Shukla cohomol-
ogy).
Theorem 17. Let k be a regular noetherian ring of finite Krull dimension, and let A be an
essentially finite type k-algebra. Then the setDA of isomorphism classes of dualizing com-
plexes over A form an abelian group with respect to the operation RHomA⊗L
k
A(A,− ⊗
L
k
−). The inverse of a dualizing complex R is given by R′ := A ⊗L
A⊗L
k
A
RHomk(R,RA).
The rigid dualizing complex RA is the identity of the group. The map RHomA(−, RA) is
a group isomorphism between DA and DPic(A). If B is another essentially finite type k
algebra, and f : A → B is a k-algebra map then f ! : DA → DB is a group homomor-
phism.
Proof. First, suppose that R1, R2 are dualizing complexes over A. Then DA(R1) and
DA(R2) are tilting complexes, so that P = DA(R1)⊗LADA(R2) is also a tilting complex.
Hence,
DA(P ) = RHomA(P,RA) ∼= RHomA(P,A) ⊗
L
A RA.
But RHomA(P,A) is also tilting, so that DA(P ) ∼= R1 ⊗!A R2 is a dualizing complex, so
by Theorem 7, the complex
RHomA⊗L
k
A(A,R1 ⊗
L
k
R2)
is also a dualizing complex. Next, let R be a dualizing complex over A. Let R′ =
A ⊗L
A⊗L
k
A
RHomk(R,RA) ∼= Hom
!
A(R,RA). A similar calculation to the above now
shows that R′ is a dualizing complex, and that
RHomA⊗L
k
A(A,R⊗
L
k
R′) ∼= R⊗!A R
′ ∼= RA.
By Corollary 15, the operationRHomA⊗L
k
A(A,−⊗
L
k
−) is associative. It follows thatDA
is an abelian group. It is clear that the map DA(−) : DA → DPic(A) is bijective (the
inverse map is also DA). To see that it is a group map, simply note that
DA(RHomA⊗L
k
A(A,R1 ⊗
L
k
R2)) ∼= DA(R1 ⊗
!
A R2) =
= DA(DA(DA(R1)⊗
L
A DA(R2)))
∼= DA(R1)⊗
L
A DA(R2).
Finally, if f : A → B is a k-algebra map, then it is well known that f ! maps DA to DB ,
and Corollary 12 shows that it is a homomorphism. 
Remark 18. Returning to the symmetric monoidal structure on D+f (ModA) described
in Remark 10 above, one may easily see that the units of this structure are precisely the
dualizing complexes. Thus, the fundamental result that f ! carries dualizing complexes to
dualizing complexes is expressed by the fact that monoidal functors carry unit elements to
unit elements. Similarly, the fact that f ! carries rigid dualizing complexes to rigid dualizing
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complexes ([YZ2, Theorem 0.1], [AIL2, Corollary 3.3.5]) can now be expressed simply
by saying that monoidal functors preserve the monoidal identity.
We end this note with a couple remarks about possible generalizations of the above
theory.
Remark 19. In [AILN, Corollary 6.5], there is a global version of the reduction formula
for derived Hochschild cohomology under the additional assumption that the given scheme
is flat over the base. A similar result for derived Hochschild homology is shown in [ILN,
Theorem 4.1.8]. Using these results, all results of this note immediately generalize to the
global case of schemes, under the additional assumption that they are flat over k.
Remark 20. Another possible generalization is relaxing the assumptions on k. As a first
step, one can relax the regularity assumption and assume instead that k is Gorenstein. Rigid
dualizing complexes still exist (see [AIL1, Theorem 8.5.6]), so most of the above will still
make sense and will be true, under the additional assumption that all algebras are of finite
flat dimension over k. Going further, we can simply assume that k is a noetherian ring.
Then, in the (possible) absence of dualizing complexes, we may use instead the notion of a
relative dualizing complex (see [AILN, Section 1]). Again, we will have to assume that all
algebras are of finite flat dimension over k, and further, to have the biduality isomorphism
of [AILN, Theorem 1.2], we must assume that all complexes involved are also of finite flat
dimension over k.
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